We study the nature of the finite-temperature chiral transition in QCD with N f light quarks in the adjoint representation (aQCD). Renormalization-group arguments show that the transition can be continuous if a stable fixed point exists in the renormalization-group flow of the corresponding three-dimensional Φ 4 theory with a complex 2N f × 2N f symmetric matrix field and symmetry-breaking pattern SU(2N f ) → SO(2N f ). This issue is investigated by exploiting two three-dimensional perturbative approaches, the massless minimal-subtraction scheme without ǫ expansion and a massive scheme in which correlation functions are renormalized at zero momentum. We compute the renormalization-group functions in the two schemes to five and six loops respectively, and determine their large-order behavior. The analyses of the series show the presence of a stable three-dimensional fixed point characterized by the symmetry-breaking pattern SU(4) → SO(4). This fixed point does not appear in an ǫ-expansion analysis and therefore does not exist close to four dimensions. The finite-temperature chiral transition in two-flavor aQCD can therefore be continuous; in this case its critical behavior is determined by this new SU(4)/SO(4) universality class. One-flavor aQCD may show a more complex phase diagram with two phase transitions. One of them, if continuous, should belong to the O(3) vector universality class.
Introduction
The thermodynamics of Quantum Chromodynamics (QCD) is characterized by a transition from a low-temperature hadronic phase, in which chiral symmetry is broken, to a high-temperature phase with deconfined quarks and gluons (quark-gluon plasma), in which chiral symmetry is restored. See, e.g., Refs [1, 2, 3, 4] for recent reviews. Although deconfinement and chiral symmetry restoration are apparently related to different nonperturbative mechanisms, they seem to be somehow coupled in QCD. Indeed, lattice computations show that the Polyakov loop has a sharp increase around the critical temperature where the chiral condensate vanishes [2] . However, the interplay between the two effects is not clear yet.
Insight into this question may be gained by investigating QCD-related models, such as SU(N c ) gauge theories with N f Dirac fermions in the adjoint representation (aQCD). In aQCD with N f massless flavors the chiral symmetry group is SU(2N f ), which is expected to be spontaneusly broken to SO(2N f ) at low temperature [5, 6, 7, 8, 9] , due to the presence of a nonzero quark condensate. In addition, unlike QCD with fermions in the fundamental representation, aQCD is also invariant under global Z Nc transformations corresponding to the center of the SU(N c ) gauge group, as is the case in pure SU(N c ) gauge theories. This symmetry breaks down in the high-temperature deconfined phase. Therefore, in aQCD one expects two finite-temperature transitions: a deconfinement transition at T d associated with the breaking of the Z Nc symmetry, and a chiral transition at T c characterized by the symmetry-breaking pattern SU(2N f ) → SO(2N f ). Of course, it is also possible to have only one transition if the corresponding critical temperatures coincide. We should mention that this issue is interesting only for the values of N f for which aQCD is asymptotically free. Since the first coefficient b 0 of the β function β(g) = −b 0 g 4 + O(g 6 ) of SU(N c ) gauge theories with N f adjoint Dirac fermions is b 0 = (11 − 4N f )N c /(24π 2 ), aQCD is asymptotically free only for N f < 11/4, i.e., for N f = 1 and N f = 2.
Monte Carlo simulations of SU(2) [10, 11] and SU(3) [12] gauge theories with two adjoint fermions show that the deconfinement and chiral transitions are well separated with T d < T c . In the case of three-color aQCD, the Monte Carlo simulations reported in Ref. [12] show actually that the ratio T c /T d is rather large, T c /T d ≃ 8, suggesting a rather weak interplay between the corresponding underlying mechanisms. They provide a rather clear evidence that the deconfinement transition associated with the center symmetry Z 3 is of first order. Moreover, the available data at the chiral transition are apparently consistent with a continuous transition. However, they should be considered as rather preliminary and not conclusive, since a careful analysis of finite-size effects and of the approach to the continuum limit has not been done yet. The phase diagram of two-color aQCD in the temperature-chemical-potential plane has been recently discussed in Ref. [13] .
In this paper we investigate the nature of the finite-temperature chiral transition in aQCD, i.e. in four-dimensional SU(N c ) gauge theories with adjoint fermions, using renormalization-group (RG) arguments. Our study parallels the ones reported in Refs. [14, 15] , in which the nature of the finite-temperature transition in QCD with fermions in the fundamental representation was investigated. We consider effective three-dimensional Landau-Ginzburg-Wilson (LGW) Φ 4 theories for the lowmomentum critical modes associated with the bilinear quark condensate, which are described by a symmetric complex 2N f × 2N f matrix field, and look for stable fixed points (FPs) that may be associated with the symmetry-breaking pattern relevant for aQCD: SU(2N f ) → SO(2N f ) [if the axial U(1) symmetry is effectively restored at T c the symmetry-breaking pattern would be U(2N f ) → O(2N f )]. If such a stable FP does not exist the transition is of first order; otherwise, the transition may be continuous or of first order, depending whether the system is or is not in the attraction domain of the stable FP. We study the RG flow of the LGW theories in two fieldtheoretical (FT) perturbative approaches: the minimal-subtraction scheme without ǫ expansion (in the following we will indicate it as 3d-MS scheme) [16] and a massive zero-momentum (MZM) renormalization scheme [17] . In the 3d-MS scheme one considers the massless (critical) theory in dimensional regularization [18] , determines the RG functions from the divergences appearing in the perturbative expansion of the correlation functions, and finally sets ǫ ≡ 4 − d = 1 without expanding in powers of ǫ (this scheme therefore differs from the standard ǫ expansion [19] ). In the MZM scheme one considers instead the three-dimensional massive theory, corresponding to the disordered (high-temperature) phase, and determines the renormalization constants from zero-momentum correlation functions. We compute the β functions perturbatively to five loops in the 3d-MS scheme and to six loops in the MZM scheme. They are resummed by using a conformal-mapping method [20, 21] taking into account their large-order behavior, determined by means of the standard semiclassical analysis of instanton solutions. Comparison of the results of these two perturbative schemes provides a nontrivial check of the reliability of our conclusions.
We briefly summarize our main results. In both 3d-MS and MZM schemes the three-dimensional SU (4) LGW Φ 4 theory relevant for aQCD with two Dirac flavors shows a stable FP, that corresponds to a new three-dimensional universality class characterized by the symmetry-breaking pattern SU(4) → SO(4). The corresponding critical exponents are η ≈ 0.2 and ν ≈ 1.1. Note that this FP does not appear in an ǫ-expansion analysis (ǫ ≡ 4 − d) and therefore does not exist close to four dimensions. It is found only in genuinely three-dimensional analyses. This FT result implies that the finite-temperature chiral transition in two-flavor aQCD may be continuous. In this case, it belongs to the above-mentioned three-dimensional SU(4)/SO(4) universality class. However, this does not exclude a first-order transition for systems that are outside the attraction domain of the stable FP. Note that, although SU(4) is locally isomorphic to SO (6) , this universality class is definitely different from the vector O(6) one, whose symmetry-breaking pattern is SO(6)→SO (5) . No stable FP is found for the U (4) LGW Φ 4 theory which should be relevant in the case the axial U(1) symmetry is effectively restored at T c ; in this case, the transition would be of first order. For N f = 1 the phase diagram may be more complex because the phase diagram of the corresponding SU(2)-symmetric effective theory has several transition lines joining at a multicritical point. In the parameter region relevant for aQCD, the possible phase diagrams have one or two phase transitions. One of them would be associated with the symmetry-breaking pattern SU(2)/Z 2 ∼ = SO(3) → SO(2). Therefore, if continuous, the transition would belong to the standard O(3) (Heisenberg) universality class. The second transition, which could be absent in aQCD, would correspond to the symmetry-breaking pattern Z 2 ⊗ SO(2) → SO(2), and, if continuous, would correspond to the Ising universality class. Note that the symmetry breaking SU(2) → SO(2) occurs in this case through two different phase transitions.
The predicted critical behavior for two-flavor aQCD should be compared with that of two-flavor QCD with quarks in the fundamental representation. Also in this last case the finite-temperature chiral transition may be continuous, although it would belong to a different universality class, the vector O(4) universality class. Monte Carlo simulations of lattice QCD [22, 23, 2, 4] seem to be consistent with a continuous transition in the O(4) universality class, although they are not yet sufficiently precise to be conclusive.
The paper is organized as follows. In Sec. 2 we derive the LGW Φ 4 theory relevant for the finite-temperature chiral transition in aQCD, using universality and RG arguments. In Sec. 3 we investigate the RG flow of the LGW theory with U(N) symmetry, which would be relevant for aQCD if the U(1) anomaly were effectively suppressed at T c . We report our perturbative calculations in the 3d-MS and MZM renormalization schemes and their analyses. In Sec. 4 we consider a more general LGW theory in which the U(N) symmetry is explicitly broken to SU(N). We discuss the one-flavor case and present a perturbative analysis for N = 4, which is relevant for two-flavor aQCD. The appendix contains an analysis of the vacuum structure of the LGW φ 4 theories relevant for aQCD.
The effective Landau-Ginzburg-Wilson model at the chiral transition
In the vanishing quark-mass limit, the fermionic part of the QCD Lagrangian with
and f ab c are the generators of the adjoint representation, i.e. the structure constants. Using the antisymmetry of the structure costants, one may rewrite the Lagrangian in terms of two-component Weyl spinors as
, Id is the identity matrix, and σ i are the Pauli matrices; see, e.g., Refs. [7, 8, 9] . The actual symmetry is
, which is larger than the symmetry U(N f ) R ⊗ U(N f ) L of QCD with fermions in the fundamental representation. The U(1) A subgroup is anomalous at the quantum level and thus the symmetry reduces to SU(2N f ).
At T = 0 the symmetry is expected to be spontaneously broken due to a nonzero quark condensate ψ ψ . As a consequence of the Pauli principle, the quark bilinear condensate must belong to the symmetric second-rank tensor representation of SU(2N f ), which has dimension 2N 2 f + N f . Condensation along one of its directions gives rise to the symmetry breaking
and to 2N 2 f + N f − 1 Goldstone modes. See, e.g., Refs. [7, 8, 9] for more details. With increasing the temperature, a phase transition characterized by the restoring of the chiral symmetry is expected at a given T c ; above T c the quark condensate vanishes. Therefore, the finite-temperature phase transition is characterized by the symmetry-breaking pattern (2.1) and a complex symmetric 2N f × 2N f matrix order parameter Φ ij . In the case the U(1) symmetry is effectively restored at T c , the relevant symmetry-breaking pattern would be
This possibility is however rather unlikely. Indeed, instanton calculations in the high-temperature phase [24] suggest that the axial U(1) symmetry is not restored at T c , in analogy with what happens in lattice QCD with fermions in the fundamental representation [25] , and as also suggested by the finite-temperature behavior of the topological susceptibility in the pure SU(N c ) gauge theories, see, e.g., Ref. [26] . In order to investigate the nature of the finite-temperature transition in aQCD with N f light flavors, we follow the reasoning already applied in Refs. [14, 15] to the study of the finite-temperature transition in QCD with light fermions in the fundamental representation.
(i) Let us first assume that the phase transition at T c is continuous (second order) for vanishing quark masses. In this case the critical behavior should be described by an effective three-dimensional (3-d) theory. Indeed, the length scale of the critical modes diverges approaching T c , becoming eventually much larger than 1/T c , which is the size of the euclidean "temporal" dimension at T c . Therefore, the asymptotic critical behavior must be associated with a 3-d universality class characterized by a complex symmetric 2N f × 2N f matrix order parameter Φ ij and by the symmetry-breaking pattern (2.1) [or (2.2) if the U(1) symmetry is effectively restored at T c ].
(ii) According to RG theory, the existence of such universality classes can be investigated by considering the most general LGW Φ 4 theory for a complex symmetric N × N matrix field Φ ij with N = 2N f and the desired symmetry and symmetry-breaking pattern. The most general U(N)-symmetric LGW Lagrangian containing up to quartic terms in the potential is
Stability requires u 0 + v 0 > 0 and Nu 0 + v 0 > 0. The symmetry group of this Lagrangian is U(N). First, it is invariant under the transformations Φ → UΦU T , where U is a unitary U(N) matrix, i.e., under the group U(N)/Z 2 (the quotient Z 2 is due to the fact that matrices ±U give rise to the same transformation). Second, it is invariant under Φ → Φ † . The symmetry group is therefore Z 2 ⊗U(N)/Z 2 ∼ = U(N). For v 0 > 0, Lagrangian (2.3) shows the expected vacuum structure and symmetry-breaking pattern, see appendix. In the low-temperature phase the potential is minimized by taking
where Id is the N/2-dimensional identity matrix. Note that Φ min is invariant under vector U(N f ) V transformations, in agreement with the Vafa-Witten theorem [6] . The symmetry of the vacuum is O(N) and thus the symmetry breaking pattern is U(N) → O(N).
The axial anomaly reduces the symmetry to SU(N) and thus new terms must be added. The most relevant one is proportional to det Φ † + det Φ , which is a polynomial of order N in the field Φ. For N > 4 such a term is irrelevant at the transition. Instead, for N = 2 and N = 4, the determinant must be added to Lagrangian (2.3), obtaining
For N = 2 additional terms depending on the determinant of Φ should be added, in order to include all terms with at most four fields compatible with the symmetry. They will be discussed in Sec. 4.1. The symmetry of Lagrangian (2.5) is Z 2 ⊗ SU(N). Indeed, it is invariant under transformations Φ → UΦU T , with U unitary and det U = ±1. Taking into account that U and −U correspond to the same transformation, the invariance group is SU(N). Moreover, the model is invariant under the Z 2 transformations Φ → Φ † . For v 0 > −3|w 0 |/2, the vacuum structure is identical to that discussed for the U(N) theory, satisfying the Vafa-Witten theorem [6] . The corresponding symmetrybreaking pattern is Z 2 ⊗ SU(N) → Z 2 ⊗ SO(N). Note that the symmetry group contains an additional Z 2 with respect to Eq. (2.1). This additional invariance, related to the transformation Φ → Φ † , is a consequence of the hermiticity (reality) of the effective Lagrangian and corresponds to the discrete parity symmetry of the aQCD Lagrangian. This additional Z 2 is not broken at the transition, so that the relevant symmetry-breaking pattern is indeed SU(N) → SO(N), as discussed before. It must be noted that, if a θ term is added to the aQCD Lagrangian, this additional symmetry is not present and the effective Lagrangian is no longer hermitian.
(iii) The critical behavior at a continuous transition is described by the stable FP of the theory, which determines the universality class. The absence of a stable FP indicates that the phase transition is not continuous. Therefore, a necessary condition of consistency with the initial hypothesis that the transition is continuous, cf. (i), is the existence of stable FPs in the theories described by Lagrangians (2.3) and (2.5). If a FP exists, the transition may be either continuous, belonging to the universality class associated with the stable FP, or of first-order, if the system is not in the attraction domain of the FP.
The effective theories (2.3) and (2.5) are defined for any N. However, for aQCD they are relevant only for N even and N ≤ 4, i.e., for N = 2 and N = 4. Indeed, aQCD is asymptotically free only for N f < 11/4, i.e., for N < 11/2.
3. Renormalization-group flow of the U(N ) LGW theory
Perturbative expansions
In order to investigate the RG flow of Lagrangians (2.3) and (2.5), we employ two different perturbative approaches: the MZM renormalization scheme [17] and the 3d-MS scheme [16] ; see Refs. [21, 27] for recent reviews. In the first case, one considers the three-dimensional massive theory corresponding to the disordered phase, and expresses the zero-momentum renormalization constants in terms of zero-momentum renormalized quartic couplings. In the second case, one considers the massless (critical) theory in dimensional regularization within the minimal-subtraction scheme [18] . RG functions are obtained in terms of the renormalized couplings and of ǫ ≡ 4 − d. Subsequently ǫ is set to its physical value ǫ = 1, providing a three-dimensional scheme in which the 3-d RG functions are expanded in powers of the MS renormalized quartic couplings. This scheme differs from the standard ǫ expansion [19] in which one expands the RG functions in powers of ǫ.
In order to renormalize the U(N)-invariant theory (2.3) in the MS scheme, one sets
where u and v are the MS renormalized quartic couplings. The renormalization constants Z φ , Z u , and Z v are normalized so that
Moreover, one defines a mass renormalization constant Z t (u, v) by requiring Z t Γ (1, 2) to be finite when expressed in terms of u and v. Here Γ (1,2) is the one-particle irreducible two-point function with one insertion of Tr Φ † Φ. The β functions are computed from
They have a simple dependence on d:
where the functions B u (u, v) and B v (u, v) are independent of d. The FPs of the theory are given by the common zeroes of the β functions. Their stability is controlled by the eigenvalues of the matrix
A FP is stable if all the eigenvalues of its stability matrix have positive real part. The RG functions η φ and η t associated with the critical exponents are defined by
The functions η φ,t are independent of d. The standard critical exponents η and ν are related to the RG functions η φ,t and to the location u * , v * of the FP by
We computed the MS series to five loops. For this purpose we used a symbolic manipulation program that generates the diagrams (305 up to five loops) and computes their symmetry and group factors, and the compilation of Feynman integrals of Ref. [28] . The functions B u,v (u, v) defined in Eq. (3.3) are given by
The coefficients a u ij and a v ij for 4 ≤ i + j ≤ 6, are reported in Tables 1 and 2 respectively. In order to save space, we report them numerically, although we have their exact expressions in terms of fractions and ζ functions with integer argument. We do not report the series of the RG functions η φ,t , since they will not be used in the following. They are available on request.
In the MZM scheme the theory is renormalized by introducing a set of zeromomentum conditions for the one-particle irreducible two-point and four-point correlation functions:
where Γ is the generator of the one-particle irreducible correlation functions (effective action), and
In addition, one introduces the renormalization function Z t (u, v) that is defined by the relation Γ
t , where Γ (1,2) (0) is the zero-momentum oneparticle irreducible two-point function with one insertion of Tr Φ † Φ. The MZM β functions are defined by
The RG functions η ψ and η t associated with the critical exponents are defined by
We computed the MZM RG functions to six loops. In this case we used the compilation of Feynman integrals of Ref. [29] to compute the needed 1438 Feynman diagrams. The β functions are given by
The coefficients b u ij and b v ij up to six loops, i.e. for 3 ≤ i + j ≤ 7, are reported in Tables 3 and 4 respectively. Here we do not report the six-loop series of the RG functions η φ,t ; they are available on request.
Our calculations can be checked by considering some particular cases. For N = 1 the two quartic terms are identical and one recovers the O(2) vector model, while for v = 0 one obtains the O(N 2 + N)-symmetric model. In these cases we can compare our perturbative expansions with those reported in Refs. [30, 31, 32] : we find full agreement. In addition, for N = 2 the model is equivalent to an O(2)⊗O(3) model [33, 34] . Indeed, if one sets
where (e 1 , e 2 , e 3 ) ≡ 1 2
(Id, iσ 1 , iσ 3 ), Id is the 2 × 2 identity matrix, σ i are the Pauli matrices, and Ψ ki is a 3 × 2 real matrix, Lagrangian (2.3) for N = 2 can be written as
with
as expected. It has already been studied because it should describe transitions in frustrated spin models with noncollinear ordering, the superfluid transition of 3 He, etc., see, e.g., Refs. [34, 27] and references therein. Six-loop series in the MZM expansion [35] and five-loop series in the MS scheme [36] have already been computed for generic O(2)⊗O(M) symmetric models. These perturbative series agree with ours, once we rewrite them in terms of the renormalized couplings corresponding to the bare ones defined in Eq. (3.18). In the MS scheme, the relation is
v, where g 1 and g 2 are the MS renormalized coupling of model (3.17) . In the MZM scheme, the correspondence isḡ 1 = u + v/2 andḡ 2 = −9v/14, whereḡ 1,2 are the MZM couplings normalized as in Ref. [35] (actually, there they were calledū andv).
Large-order behavior
Since perturbative expansions are divergent, resummation methods must be used to obtain meaningful results. Given a generic quantity S(u, v) with perturbative expansion 19) which must be evaluated at x = 1. The resummation of the series can be done by exploiting the knowledge of the large-order behavior of the coefficients, generically given by
The quantity A(u, v) is related to the singularity t s of the Borel transform B(t) that is nearest to the origin:
The series is Borel summable for x > 0 if B(t) does not have singularities on the positive real axis, and, in particular, if A(u, v) > 0. A semiclassical analysis based on the instanton solutions, see, e.g., Ref. [21] , indicates that the MS and MZM expansions are Borel summable when
In this region we have
where
respectively for the MS and MZM expansions. Under the additional assumption that the Borel-transform singularities lie only in the negative axis, the conformal-mapping method outlined in Refs. [20, 21] turns the original expansion into a convergent one in the region (3.21) . Alternatively, one may use the Padé-Borel method, employing Padé approximants to analytically extend the Borel transform. Outside the region (3.21) the expansion is not Borel summable. However, for v > 0, if the condition u + v > 0 holds, a naive extension of the results obtained for the Borel-summable case-but this a quite nonrigorous procedure-indicates that the Borel-transform singularity closest to the origin should still be on the negative axis. Therefore, the large-order behavior should still be given by Eq. (3.20) with A(u, v) given by Eq. (3.22). Thus, by using A(u, v) as given by Eq. (3.22) and the conformal-mapping method, one may still take into account the leading large-order behavior, and therefore hope to get an asymptotic expansion with a milder behavior, which may still provide reliable results.
We should mention that the MS series are essentially four-dimensional, so that they may be affected by renormalons that make the expansion non-Borel summable for any u and v, and are not detected by the semiclassical analysis leading to Eqs. (3.20) , (3.21) and (3.22); see, e.g., Ref. [37] . The same problem should also affect the MS series of O(N) models. However, the good agreement between the results obtained from the FT analyses [16] and those obtained by other methods indicates that renormalon effects are either very small or absent (note that, as shown in Ref. [38] , this may occur in some renormalization schemes). For example, the analysis of the five-loop perturbative 3d-MS series [16] gives ν = 0.629(5) for the Ising model and ν = 0.667(5) for the XY model, that are in good agreement with the most precise estimates obtained by lattice techniques, such as ν = 0.63012 (16) [39] and ν = 0.63020 (12) [40] for the Ising model, and ν = 0.67155 (27) [41] for the XY universality class. On the basis of these results, we will assume renormalon effects to be negligible in our analyses of the 3d-MS series.
Analysis of the series
One can easily identify two FPs in the theory described by the Lagrangian L U (N ) , without performing any calculation. The first one is the Gaussian FP with u = v = 0, which is always unstable. [43] , and in the O(2)⊗O(N) Φ 4 theory describing the critical behavior of frustrated spin models with noncollinear order Ref. [35, 44] and references therein, and the superfluid transition in 3 He [45] . Thus, to correctly identify the three-dimensional critical behavior, we must employ strictly three-dimensional perturbative schemes. Therefore, we study below the RG flow by using the 3d-MS scheme and the MZM scheme.
For N = 2 Lagrangian (2.3) is equivalent to Lagrangian (3.17) written in terms of a real 3×2 matrix field. This model has already been studied by FT methods [35, 44, 45, 46] in the MZM (to six loops) and 3d-MS (to five loops) schemes. These studies found evidence of two stable FPs: one (called chiral FP) with attraction domain in the region g 2,0 > 0 [35, 44] and another one (called collinear FP) in the region g 2,0 < 0 [45] . According to the mapping (3.18), the domain v 0 > 0 relevant for aQCD corresponds to g 2,0 < 0, and thus the collinear FP is the relevant one. Using the results of Ref. [45] , we find therefore a stable FP at u * = −0.54(8), v * = 1.14(6) in the 3d-MS scheme and at u * = −3.0(3), v * = 4.6(3) in the MZM scheme.
1 These results are confirmed by a direct analysis of the perturbative series in u and v.
Let us now consider N = 4 and investigate the possible existence of a stable FP with v > 0. Let us first consider the 3d-MS scheme. In order to find the zeroes of the β-functions, we first resum the expansions of B u (u, v) and B v (u, v) 1 We mention that a mapping similar to that reported in Eqs. (3.16) and (3.17) exists also for Lagrangian (2.3) when Φ is a generic (not necessarily symmetric) complex 2×2 matrix. Such a model has a larger symmetry group [U(2) L ⊗ U(2) R ]/U(1) V and is relevant for two-flavor QCD [14] , when the effect of U(1) A anomaly is neglected. Setting Φ = [47] shows that theory (3.17) for N = 4 has a stable FP with g 2 < 0. Therefore, the 3-d [U(2) L ⊗U(2) R ]/U(1) V model has a stable FP, located at u * ≈ −0.5, v * ≈ 1.2 in the 3d-MS scheme and inū * = −3.4(3) andv * = 5.3(3) in the MZM scheme (we use here the normalizations of Ref. [15] ). Note that this stable FP is not found close to four dimensions by analyses based on the ǫ expansion [14, 48] . Its existence implies that systems characterized by the symmetry-breaking
can undergo continuous transitions if they are in the attraction domain of this stable FP. This FP was overlooked in Ref. [15] . Indeed, the analysis of the MZM expansions was limited to the region −2 ū,v 4, that does not include the FP reported above. 
Renormalization-group flow of the SU(N ) LGW theory
We now study the effect of the breaking of U(1) A . As we mentioned in Sec. 2, we must add to the U(N) Lagrangian a term proportional to det Φ + det Φ † . Such a term is irrelevant for N > 4: in this case the critical behavior is described by the U(N) theory. Therefore, we only consider the cases N = 2 and N = 4, which are the only ones of interest for aQCD. Indeed, N > 4 corresponds to N f > 2 and aQCD is asymptotically free only for N f < 11/4 = 2.75.
The case N = 2
In the case N = 2 (N f = 1), the determinant is quadratic in the fundamental field Φ, and other terms must be added to the effective Lagrangian, i.e. all possible interactions with at most four fields. This leads to the LGW Lagrangian
where Φ ij is a complex symmetric 2×2 matrix. Note that there is no need to include also a term proportional to (det Φ)(det Φ † ). Indeed, for any two dimensional matrix
Since the Lagrangian (4.1) has two quadratic mass terms, it describes several transition lines with a multicritical point. Model (4.1) can be written in terms of two real three-component fields φ i and ϕ i by writing Φ = 3 j=1 (φ j + iϕ j )e j , where (e 1 , e 2 , e 3 ) ≡ (Id/2, iσ 1 /2, iσ 3 /2), Id is the 2 × 2 identity matrix, and σ i are the Pauli matrices. One obtains
with r φ = r + w 0 , r ϕ = r − w 0 , a 0 = lines. The analysis reported in Ref. [50] indicates that the multicritical point may either belong to the chiral O(2) ⊗ O(3) universality class or may correspond to a first-order transition. Note that in Ref. [50] the full RG flow was not studied and thus one cannot exclude the presence of other stable FPs, beside the O(2) ⊗ O(3) chiral FP. This possibility is rather unlikely, but an explicit calculation of the RG flow in the full parameter space is needed to settle the question. Here, we will not consider this additional possibility, since it is of no relevance for aQCD, as we discuss below. In the plane t, g, where g parametrizes the breaking of the symmetry φ ↔ ϕ, the possible phase diagrams are reported in Fig. 2 .
In the case of one-flavor aQCD, the U(2) theory obtained by setting w 0 = 0, x 0 = 0, y 0 = 0 should correspond to the multicritical point because of the larger symmetry group. Therefore, the relevant FP at the multicritical point is the one found for the U(2) theory in Sec. 3.3. The other FPs of the theory (4.3) are of no relevance since they are not present in the U(2) model. Thus, if chiral symmetry is not restored at the transition, the behavior of aQCD as a function of temperature T corresponds to the behavior observed along a nontrivial line in the (t, g) plane in one of the phase diagrams reported in Fig. 2. 2 However, we do not know which of the phase diagrams applies. Generically, we expect two phase transitions. One of them, that should occur at higher values of T , may be either of first order or belong to the Heisenberg universality class [whose symmetry-breaking pattern is SO(3)→SO (2)], which has been accurately studied in the literature, see, e.g., Refs. [51, 27] and references therein. Such a transition would be associated with the symmetry breaking Z 2 ⊗SU(2) → Z 2 ⊗O(2). The lower-temperature transition, that may not necessarily exist, may be of first order, or continuous. According to Fig. 2 , the transition may belong either to the Ising or to the XY universality class. It is easy to see that in the latter case the U(1) V symmetry would be broken, violating the Vafa-Witten theorem [6] . Therefore, the only possibility is an Ising transition that corresponds to the breaking Z 2 ⊗ O(2) → Z 2 ⊗ SO(2). Note that the symmetry breaking SU(2) → SO(2) is realized here through two different transitions and that an SU(2)/SO(2) universality class does not exist. One may discriminate between the one-or twotransition hypothesis by determining the symmetry of the T = 0 phase, which differs by a Z 2 group in the two cases.
The case N = 4
For N = 4 (N f = 2) the determinant is a quartic-order term, giving rise to a generalized LGW Φ 4 theory (2.5) with three quartic parameters. In this case stability requires
As discussed in the Appendix, the symmetry-breaking pattern and vacuum structure appropriate for aQCD are realized for v 0 > − In order to study the RG flow of the theory (2.5) for N = 4, we consider the 3d-MS scheme and the MZM scheme as before. In the 3d-MS scheme we set
and determine the corresponding β functions to five loops. They are given by
The coefficients c ijk up to five loops, i.e. for 4 ≤ i + j + k ≤ 6, are reported in Table 5 . We also computed the five-loop expansion of the RG functions η φ,t defined as in Eq. (3.5):
The coefficients e φ ijk and e t ijk up to five loops, i.e. for 1 ≤ i + j + k ≤ 5, are reported in Table 6 . The standard critical exponents are related to η φ,t by
where u * , v * , w * are the coordinates of the stable FP in the case it exists.
In the MZM scheme, beside the renormalization conditions (3.9) and (3.10), we also setΓ
where ǫ ijkl is the completely antisymmetric tensor (ǫ 1234 = 1). We computed six-loop series in the MZM scheme. The MZM β functions are given by
12)
13)
The coefficients d ijk up to six loops, i.e. for 3 ≤ i + j + k ≤ 7, are reported in Table 7 . We also computed the RG functions η φ,t defined in Eq. (3.13) to six loops.
The coefficients e φ ijk and e t ijk defined in Eq. (4.9) are reported in Table 6 . Again, close to four dimensions there are only two FPs, the Gaussian and the O(20) FPs (the latter located at u = ǫ/7, v = 0, and w = 0), i.e. those already found in the U(4) theory, which are both unstable. In order to investigate the possible existence of other FPs in three dimensions, we analyze the 3d-MS and MZM perturbative expansions. Note that the model is invariant under the transformations Φ → e iπ/4 Φ, (u, v, w) → (u, v, −w). This implies that β u , β v , and β w /w are even in w. Therefore, we can restrict our search of FPs to the w > 0 space; if a FP with coordinates u, v, w > 0 exists, there is also another FP with the same critical properties at u, v, −w.
We use the conformal-mapping method already employed in Sec. 3.3 and the large-order behavior of the perturbative series. Writing
semiclassical calculations based on instanton solutions give
where the constant c is given by c = 3/4 and c = 0.0474989 respectively for the MS and MZM expansions. The perturbative expansions are Borel summable for
The 3d-MS five-loop series are analyzed as in the U(N) case and indicate the presence of a new FP with w = 0. Most approximants of the five-loop series (more than 90% of the approximants with α = −1, 0, 1, 2 and b = 3, . . . , 18) present a common zero with w > 0. They are approximately 50% at four loops. This new FP is located at u * = 0.23 (9) , v * = 0.34 (6) , and w * = 0.54 (8) , where the error takes into account the spread of the results of the approximants considered. Note that the error (spread of the results) is rather large, essentially because this FP lies relatively far from the origin (note that the O(20) FP lies at u * ≈ 0.17), and also because it is close to the boundary of the Borel summable region. The analysis of the corresponding stability matrix shows that this FP is stable, and therefore it determines the universal properties of continuous transitions in systems described by the SU (4) LGW Φ 4 theory (2.5). We also computed the corresponding critical exponents by evaluating the RG functions η φ,t at the FP. From the analysis of the expansions of η φ and (2 + η t − η φ ) −1 , we obtain η = 0.23 (8) and ν = 1.1(3), where the error takes into account the spread of the approximants and the uncertainty on the FP coordinates. The presence of the stable FP is confirmed by an analysis based on Padé-Borel approximants; indeed, using [4/1] Padé approximants for all β functions, one obtains u * ≈ 0.29 (5), v * ≈ 0.23 (1), and w * ≈ 0.51(4) (the errors indicate how the results change when the parameter b is varied between 4 and 18), which is substantially consistent with the results of the conformal-mapping analysis. Apparently, the Padé-Borel method gives a more accurate estimate of the location of the FP. But, note that the error is only related to the dependence on b of a single Padé approximant; thus, it is likely to be underestimated. As we have already seen in many other instances, the conformal-method error should provide a more realistic estimate of the real accuracy of the result.
The rather low precision of the 3d-MS results may give rise to some doubts on the existence itself of the stable FP, and therefore it calls for an independent and nontrivial crosscheck. This is provided by the analysis of the perturbative expansions in the alternative three-dimensional MZM scheme. We follow the same steps as in the U(N) case, considering the conformal-mapping method and approximants with α = −1, 0, 1, 2 and b = 3, ...18 (see Ref. [49] for definitions). The analysis confirms the presence of a stable FP at u * = 0.0(3), v * = 3.5(2) and w * = 4.6(2), where the error is related to the spread of the results. The presence of a FP is stable with respect to the number of loops. Indeed, at five loops (resp. four loops) we find a FP at u * = 0.4(2), v * = 3.2(2) and w * = 4.3(2) (resp. u * = 0.7(3), v * = 3.6(5) and w * = 4.6(6)). For comparison, in this scheme the O(20) FP is located at u * ≈ 1.18 [32] . We also estimate the critical exponents, finding η = 0.20(3) and ν = 1.1(3) (again from the analysis of the expansions of η φ and (2 + η t − η φ ) −1 ), in substantial agreement with the results of the 3d-MS scheme. Also in this scheme results are not very precise, although they are apparently more accurate than the 3d-MS ones.
In conclusion, the analysis of the perturbative expansions in the 3d-MS and MZM schemes provides evidence for the existence of a stable FP, and therefore of a new universality class that describes continuous transitions in systems described by the LGW Lagrangian (2.5) with N = 4 and symmetry-breaking pattern SU(4) → SO(4). Although the results of the analyses do not appear particularly precise, the substan-tial agreement between the two schemes makes us confident on their reliability. Note that the existence of a FP does not exclude the possibility of observing first-order transitions; indeed, this is still possible for systems outside the attraction domain of the stable FP.
We recall that in Sec. 3.3 we found no stable FP in the U (4) LGW Φ 4 theory, which should be relevant if the U(1) symmetry broken by the anomaly is effectively restored at T c , thus suggesting first-order transitions for the corresponding systems. The existence of a stable FP with w = 0 in the SU(4) theory is an interesting example of the so-called phenomenon of softening of first-order transitions: by breaking some symmetry of the original model, a first-order transition may become a second-order one. This phenomenon is well known in spin systems: the introduction of quenched disorder may soften the first-order transitions of pure systems [52] . In disordered systems translational invariance is the broken symmetry. In our case, it is instead the internal symmetry of the system that gets reduced.
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A. Vacua of the U(N ) and SU(4) theories
Let us consider the potential
and let us determine the fields that minimize it. The stationarity condition gives the equation
If Φ is a solution of Eq. (A.2), it is easy to show that
In order to determine the solutions of Eq. (A.2), let us perform a polar decomposition of Φ: we write Φ = P U, where P = √ Φ † Φ is a hermitian positive semidefinite matrix and U is a unitary matrix. Then we diagonalize P , writing
, and V unitary. Now, if k is the rank of Φ, we have for 1 ≤ a ≤ k the equation
that shows that λ a does not depend on a. Summing this equation over 1 ≤ a ≤ k, we obtain
Since u 0 + v 0 > 0 and Nu 0 + v 0 > 0, for r > 0 we must have k = 0, i.e. the only possible solution is Φ = 0: for r > 0 the system is disordered. For r < 0 instead, any k with 0 ≤ k ≤ N is acceptable. Using Eq. (A.3) we obtain
which shows that the energy depends only on the rank k of the solution. A simple calculation shows that the minimum of the potential is attained for k = N if v 0 > 0 and k = 1 if v 0 < 0. For k = N, we have
where Id is the identity matrix. Thus, Φ ∝ Q, where Q is a symmetric unitary matrix. Of course, being U(N) connected, we can write Q = U 2 = UU T , with U unitary and symmetric. Thus, modulo symmetry transformations, we may take Φ min ∝ Id.
If k = 1, Φ ab = v a v b , where v a is an N-dimensional complex vector. Since, for any v there exists U ∈ U(N) such that v a = b U ab w b , where w = (a, 0, . . . , 0), with a real and positive, we can write Φ as 
To conclude, let us note that, as a consequence of the Vafa-Witten theorem [6] , the vector group U(N f ) V can never be broken. Therefore, the vacuum must be invariant under the U(N/2) transformations
with U ∈ U(N/2). It is easy to verify that 3 the only symmetric matrices Q such that
where Id is the N/2×N/2 identity matrix. Thus, the only possible vacuum for aQCD is proportional to J. It is easy to verify that this is possible for v > 0 (as we showed any matrix proportional to a symmetric unitary matrix is a possible vacuum), but not for v < 0. Thus, in the aQCD case we must restrict ourselves to the case v > 0. Now let us consider the effect of the determinant for N = 4. The potential is
The stationarity condition gives then
(A.13) Now, we write again
. Thus, modulo a symmetry transformation, we can simply write Φ = P d U, with U unitary. Substituting in the previous equation we obtain the equation
The term proportional to w 0 is the product of three eigenvalues and thus it is relevant only if the rank of Φ is 3 or 4. If the rank is three, assume λ 4 = 0. The previous equation for a = 4 gives
that contradicts the hypothesis λ 1 λ 2 λ 3 = 0. Thus, there is no solution with rank k = 3.
3 Indeed, if we write
where a, b, and c are N/2 × N/2 matrices, we must have U aU T = a, U cU T = c, U bU † = b. The first two conditions imply a = c = 0 (it is enough to consider infinitesimal matrices U ), while the third one gives b ∝ Id.
Assume now that the rank k is 4. Since all λ a are real and nonvanishing, (det U) must be real, hence equal to s = ±1, since U is unitary. Let us now determine the eigenvalues. Eq. (A.14) implies
Now, consider R 12 = 0, R 13 = 0, and R 23 = 0. It is immediate to verify that these equations imply that at least two eigenvalues among λ 1 , λ 2 , λ 3 are equal. Without loss of generality we assume λ 1 = λ 2 . An analogous discussion indicates that at least two eigenvalues among λ 1 , λ 3 , λ 4 are equal. Thus, there are two possible cases: λ 1 = λ 2 = λ 3 ; λ 1 = λ 2 and λ 3 = λ 4 . Finally, consider R 24 = 0; we obtain that either λ 2 = λ 4 or 2r + u 0 Tr P Comparing the value of the potential for the different solutions, we obtain finally:
(a) for v 0 < 0 and |w 0 | < −2v 0 /3 the relevant solution has rank k = 1 and thus, modulo symmetry transformations, we can take Φ min ∝ I 1 . The symmetry of the vacuum is SU(3)⊗Z 2 . Such a case is not of interest for aQCD, since it is not invariant under U(2) V .
(b) for w 0 > 0 and w 0 > −2v 0 /3 the relevant solution is given by Eq. (A.17) with potential (A.18), setting s = −1. Therefore, U is symmetric with det U = −1.
It follows that U = e iπ/4 V V T , V ∈ SU(4). Modulo symmetry transformations, one can therefore choose Φ min ∝ e iπ/4 Id. The vacuum is invariant under SO(4) (note that the symmetry Φ → Φ † is broken here). This case is not relevant for aQCD since the vacuum breaks Φ → Φ † .
(c) for w 0 < 0 and |w 0 | > −2v 0 /3 the relevant solution is given in Eq. (A.17) with potential (A.18), setting s = 1. Therefore, U is symmetric with det U = 1. It follows that U = V V T with V ∈ SU(4). Modulo symmetry transformations, one can therefore choose Φ min ∝ Id. The vacuum is invariant under SO(4)⊗Z 2 . The matrix J is one of the possible vacuum solutions and thus this case is of relevance for aQCD. Table 6 : The coefficients e φ ijk and e t ijk , cf. Eq. (4.9), of the RG functions η φ and η t in the MS and MZM schemes, to five and six loops respectively. The coefficients corresponding to values of i, j, and k that are not reported are zero. (4.14) . The coefficients corresponding to values of i, j, and k that are not reported are zero.
